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1. Introduction
Recently many people paid their attentions to the study of analysis and geometry
in metric measure spaces in particular in Carnot-Carathe´odory (written as C-C for
brevity) spaces, see [23], [4] and references therein. In this direction, there has been
a number of works devoted to the notions of Sobolev functions and mappings on
metric spaces. Let us in particular mention the definitions proposed by Korevaar-
Schoen in [39], by Haj lasz in [22] and by Reshetnyak in [53], see [6], [57], [15], [43]
and [46] for other definitions and generalizations. The Sobolev spaces of [6], [57]
and [22] are originally defined in metric measure spaces for real-valued functions.
These classes of Sobolev functions are equivalent as sets when the Sobolev exponent
is larger than one, and all equivalent to the horizontal Sobolev spaces ([19]) when
the domain is a C-C space satisfying suitable conditions, see [14], [57] and [23].
The notions in [6], [22], [39], [53], [57] can be extended to define Sobolev mappings
between metric measure spaces in particular C-C spaces, see [29] and [61].
On the other hand, in [39] Korevaar-Schoen used their developed theory of
Sobolev mappings to study harmonic mappings from smooth Riemannian mani-
folds to nonpositive curvature spaces. Let us briefly recall their ideas. Assume that
Ω is a smooth domain in Rn and M is a separable metric space with a metric d. A
function u ∈ Lα(Ω,M) is in KS1,α(Ω,M) if
Eα(u,Ω) = sup
f∈Cc(Ω,[0,1])
lim sup
ǫ→0
∫
Ω
f(x)−
∫
Bǫ(x)
(
d(u(x), u(y))
ǫ
)α
dydx
is finite where Cc(Ω, [0, 1]) is the set of all compactly supported functions in Ω
taking values in the interval [0, 1]. When Ω is an open set in a smooth Riemann-
ian manifold, the definition is similar. If u ∈ KS1,α(Ω,M), Eα(u,Ω) is called the
energy of the mapping u. Roughly speaking, the story of [39] is based on a sub-
partitional lemma ([39], Lemma 1.3.1). It follows from the subpartitional lemma
that Eα(u,Ω) is lower semicontinuous with respect to the topology of Lα(Ω,M)
and KS1,α(Ω,M) possesses some type of precompactness property([39], Theorem
1
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1.13). Korevaar-Schoen proved a satisfactory existence and regularity theory for
energy minimizers of Eα(u,Ω) when the target is a nonpositive curvature space
(in the sense of Alexandrov). In [10] and [18], Eells and Fuglede made a system-
atic generalization of the Korevaar-Schoen’s results to Riemannian polyhedra. For
similar results but with different methods we refer to [33], [34], [35], and [36].
We briefly recall the definition of C-C spaces (or sub-Riemannian manifolds), in
particular of Carnot groups. Let ∆ be a smooth distribution in Rn satisfying the
Ho¨rmander condition and endowed with an inner product < ·, · >c. The structure
of (∆, < ·, · >c) yields the C-C metric dc, see Section 2.1 for details. (R
n,∆, dc) is
called a C-C space (if Rn is replaced by a smooth manifold M , (M,∆, dc) is called
a sub-Riemannian manifold). Carnot groups are most interesting C-C spaces. A
Carnot group G is a connected, simply connected Lie group whose Lie algebra G
admits the grading G = V1
⊕
· · ·
⊕
Vl, with [V1, Vi] = Vi+1, for any 1 ≤ i ≤ l − 1
and [V1, Vl] = 0 (the integer l is called the step of G). Let {e1, · · · , en} be a basis of
G with n =
∑l
i=1 dim(Vi). Let Xi(g) = (Lg)∗ei for i = 1, · · · , k := dim(V1) where
(Lg)∗ is the differential of the left translation Lg(g
′) = gg′ and let Yi(g) = (Lg)∗ei+k
for i = 1, · · · , n − k. We call the system of left-invariant vector fields ∆ := V1 =
span{X1, · · · , Xk} the horizontal bundle of G. If we equip ∆ an inner product
< ·, · >c such that {X1, · · · , Xk} is an orthonormal basis of ∆, (G,∆, < ·, · >c) is
an equiregular sub-Riemannian manifold. In (G,∆, < ·, · >c), dc is invariant with
respect to left translation, that is dc(p0p, p0q) = dc(p, q) for any p0, p, q ∈ G, and is
1-homogeneous with respect to the natural dilations, that is dc(δsp, δsq) = sdc(p, q)
for any s > 0, p, q ∈ G, where δsp = exp(
∑l
i=1 s
iξi) for p = exp(
∑l
i=1 ξi), ξi ∈ Vi.
We usually identify G with Rn by the exponential map and use (Rn, V1, δλ) to
denote G. Q =
∑l
i=1 i dim(Vi) is called homogeneous dimension of G and L
n is the
Haar measure of G. It is easy to prove that
Xj(x) =
∂
∂xj
+
n∑
i=k+1
aji (x)
∂
∂xj
, Xj(0) = ej =
∂
∂xj
, j = 1, · · · , k, (1.1)
where aji (x) = a
j
i (x1, · · · , xk) are polynomials such that a
j
i (δλx) = λ
αi−αjaji (x).
The simplest noncommutative Carnot group is the Heisenberg group Hm which is,
by definition, R2m+1 with the group law pp′ = (z + z′, t + t′ + 2ω(z, z′)) where
p = (z, t), p′ = (z′, t′) ∈ R2m × R and ω stands for the standard symplectic form in
R2n. For more about Carnot groups, see [13] and [58].
In this paper we want to generalize the theory of harmonic mappings to C-C
spaces in particular to Carnot groups. In [5] Capogna and Lin made the first step
in this direction. Using the energy of Sobolev mappings of Korevaar-Schoen, they
considered energy minimizers with smooth Euclidean domain and target Heisenberg
groupHm endowed with a C-C metric. Note that Heisenberg group does not possess
any curvature bound in the sense of Alexandrov and the arguments in [39] is not
valid in this case. Capogna and Lin made full use of the differential structure of
the domain and the target to characterize the Sobolev mappings and explicitly
described the energy. It turns out that these Sobolev mappings are weakly contact
(satisfying a Legendrian condition) while the energy is not a Dirichlet integral
(except the case when α = 2). Precisely they proved the following:
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Theorem 1.1. Let Ω be a bounded domain in Rn and α ≥ 2. Then u = (z, t) =
(x, y, t) ∈ KS1,α(Ω, Hm) if and only if z ∈ W 1,α(Ω) and t ∈ L
α
2 is weakly differ-
entiable, and for a.e. p ∈ Ω, i = 1, · · · , n, ∂pit = 2(y∂pix − x∂piy) ∈ L
β(Ω) with
β = nα2n−α . Moreover the energy can be written as
Eα(u,Ω) = C
∫
Ω
∫
B1
|∇z(p) · ω|αdωdp. (1.2)
In general, the energy of Korevaar-Schoen can not be written as a Dirichlet
integral
C
∫
Ω
|∇u¯(p)|αdp (1.3)
for some u¯ related to u when the target is not the real line, see also [39]. It is
easily seen that only when α = 2, (1.2) has the form of (1.3). In our opinion in
general the energy has the form of (1.3) is a necessary condition to make the energy
minimizing problem solvable when the target does not possess any curvature bound.
We remark that the method in [5] used to characterize Sobolev mappings is not
valid for 1 ≤ α < 2 due to the non-isotropic property of the gauge distance.
To generalize the concept of harmonic mapping to C-C spaces we must introduce
a natural energy which not only has “good” form (like Dirichlet integral) but also
inherits some essential nature from the considered C-C spaces. To this end we first
study the energy of Korevaar-Schoen. We will show that the energy of Korevaar-
Schoen is not the one we expected. We will give an explicit description of the energy
of Korevaar-Schoen when both the domain and the target are Carnot groups, see
Theorem 4.1. That is,
Eα(u,Ω) = C
∫
Ω
∫
Bc(0,1)
ρ˜(Du(p)(ω))αdωdp (1.4)
where Ω ⊂ G is a bounded open set of Carnot group G with a homogeneous norm
ρ; u ∈ KS1,α(Ω, G˜) where G˜ is another Carnot group with homogeneous norm ρ˜;
Du(p) : G → G˜ is the approximate Pansu derivative of u at p ∈ Ω, see Definition
2.4 and Theorem 3.17; C is a constant and Bc(0, 1) is the unit C-C ball centered at
0. Our arguments rely on the equivalence of several Sobolev classes between C-C
spaces. Let R1,α(Ω,M) and H1,α(Ω,M) denote the Sobolev spaces defined in the
sense of Reshetnyak and Haj lasz respectively, see Definition 3.2 and Definition 3.3.
When α > 1 and Ω is a bounded open set in a C-C space with some conditions and
M is a separable metric space, we prove that
KS1,α(Ω,M) = R1,α(Ω,M) = H1,α(Ω,M) (1.5)
as sets, see Theorem 3.5. The proof essentially depends on several observations of
the theory of real-valued Sobolev classes defined on metric measure spaces which
was developed in [40], [14] and [23]. Let us mention that the equivalence of several
definitions of Banach space-valued Sobolev classes has been proven in [29] where
an important technique, that each metric space Y can be isometrically embedded
into a Banach space, for example into L∞(Y ) or l∞ if Y is separable, is trickily
adopted. Since such isometric embedding is not good enough (see [56] for the fact
that Heisenberg group is not bilipschitz equivalent to any Euclidean space in any
scale), we will not use this idea. Compared with the proof suggested in [29], our
proof of (1.5) is convenient for our purpose, also direct and simpler due to the
differential structure of C-C spaces.
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In [61] and [62], Vodop’yanov made a systematic study of R1,α(Ω, G˜) where
α > 1, Ω is a bounded open set of a Carnot group G and G˜ is another Carnot
group. In particular, he gave several equivalent descriptions ofR1,α(Ω, G˜), including
a characterization using properties of coordinate functions which obviously covers
the first statement in Theorem 1.1. Equation (1.4) is deduced from (1.5) and the
results in [61] and [62]. When Ω is an Euclidean domain and G˜ is the Heisenberg
group, (1.4) is just (1.2) (recall that Rn can be seen as an abelian Carnot group).
Although we can explicitly formulate the energy of Korevaar-Schoen as (1.4), we
do not know whether or not Eα(Ω, G˜) is lower-semicontinuous with respect to some
topology of KS1,α(Ω, G˜). As done in [39], the lower semicontinuity of Eα(Ω,M)
with respect to the topology of Lα(Ω,M) is a byproduct of a subpartitional lemma
when Ω is a Riemannian domain, see also [10]. Sturm in [59] generalized this fact
to domains which possesses a strong or weak “measure contraction property”, see
also [41] and [42]. Unfortunately, in general C-C spaces seem to have no “measure
contraction property”. We will illustrate this fact for Heisenberg group in Section
4.
Thus we will abandon the energy of Korevaar-Schoen. Instead we will introduce
the horizontal energy. Let us first recall the definition of the energy in the the-
ory of harmonic mappings between smooth Riemannian manifolds (e.g. [26],[34]).
Let (M, g) and (N, h) be two smooth manifolds with Riemannian metric g and
h respectively. The energy of a smooth map u : M → N is defined as (up to a
constant)
E(u) =
∫
M
‖du‖αdv (1.6)
where du is the induced differential map du(p) : TpM → Tf(p)N (du can be regarded
as an element of Γ(T ∗M
⊗
u−1TN)); ‖du‖ is the norm with respect to the fiber
metric of Γ(T ∗M
⊗
u−1TN) induced by u from g, h and dv is the volume form in
M . If we choose a coordinate chart of M such that ( ∂
∂x1
, · · · , ∂
∂xm
) is orthonormal
with respect to g, then (1.7) can be rewritten as
E(u) =
∫
M
(
m∑
i=1
h(du(
∂
∂xi
), du(
∂
∂xi
))
)α
2
dv. (1.7)
Now let (G,∆, gc) and (G˜, ∆˜, g˜c) be two sub-Riemannian manifolds. By def-
inition, G and G˜ are two smooth manifolds endowed with smooth distributions
∆ = span{X1, · · · , Xk}, ∆˜ = span{Y1, · · · , Yek} respectively, and gc and g˜c are
fiberwise inner products endowed to ∆, ∆˜ respectively, such that {X1, · · · , Xk}
and {Y1, · · · , Yek} are orthonormal with respect to gc, g˜c respectively. Note that
any such gc (or g˜c) can be realized as the restriction of a Riemannian metric g
(or g˜) on G (or G˜) to ∆ (or ∆˜). Let u : G → G˜ be a smooth map satisfying the
following contact condition
du(p)(Xi(p)) ∈ ∆˜(u(p)) for i = 1, · · · ,m1. (1.8)
We define the horizontal energy of u as follows:
HE(u) =
∫
G
(
k∑
i=1
g˜(du(Xi), du(Xi))
)α
2
dv (1.9)
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where dv is the volume form in G with respect to g¯.
Note thatHE(u) is dependent on g but independent of any extension of g˜c. In the
case ∆ = TG,HE(u) only depends on gc and g˜c. The definition of horizontal energy
obviously generalizes the Riemannian energy (1.7) in the sense that if ∆ = TG and
∆˜ = T G˜, then (1.9) is just (1.7). Any smooth map satisfying (1.8) is called a contact
map, see Definition 3.15. Any map in R1,α(Ω, G˜) satisfies (1.8) in a weak sense,
see Remark 3.16. It turns out that R1,α(Ω, G˜) is the natural space to study the
minimizing problem with respect to the horizontal energy. In this paper, we will not
explore the full general situation, but restrict ourselves to C-C spaces, in particular
to Carnot groups. We will give an existence result of horizontal minimizers (see
Definition 5.2) when the target is of Carnot type.
In contrast to the easy existence problem of horizontal minimizers, regularity
problem is very complicated. By now, we have some results in the case when
Ω ⊂ R2 is smooth and bounded open set and the target is the Heisenberg group
Hm. In this case, due to the conformal invariance of the horizontal energy there is a
close link to the two dimensional isotropically constrained Plateau problem in R2m
investigated in [54] by Schoen-Wolfson when m = 2 and in [51] by Qiu Weiyang
when m > 2. The method of constructing isotropic variations in [51] may be useful
to further investigation.
To end this introduction, we sketch the structure of the paper. In Section 2
we give notations, definitions and collect some basic facts about C-C spaces and
several definitions of Sobolev classes defined in C-C spaces. The equivalence of
several definitions of Sobolev classes from C-C spaces to separable metric spaces
will be proven in Section 3.1, see Theorem 3.5. We discuss in 3.2 and 3.3 the
properties of R1,α(Ω, G˜) such as several equivalent characterizations (Theorem 3.10,
3.13), precompactness (Theorem 3.18) and the trace problem (Theorem 3.22). In
Section 4 we discuss the properties of the energy of Korevaar-Schoen (Theorem
4.1) and give reasons why we abandon it. We conjecture that C-C spaces do not
possess any type of “measure contraction property”. We will illustrate an evidence
to this conjecture by showing that Heisenberg group does not possess the strong
“measure contraction property”. So the method used to prove that the approximate
Korevaar-Schoen energies satisfy a subpartitional lemma and then deduce that
Korevaar-Schoen energy is lower semicontinuous may not be valid in this case.
Section 5 is devoted to defining the horizontal energy, to proving the existence
of minimizers of the horizontal energy minimizing problem when the domain is a
smooth, noncharacteristic bounded open set in a C-C space and the target is a C-C
space of Carnot type. The existence result is immediately from the compactness
theorem and the trivial lower semicontinuity of the horizontal energy with respect
to the weak topology. In Section 6 we discuss the regularity of the minimizers when
the domain is a bounded open set in R2 and the target is the Heisenberg group
Hm.
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2. Preliminaries and basic results
The aim of this section is to fix the notations and collect some basic results which
will be used in the sequel.
2.1. Carnot-Carathe´odory spaces. Let ∆ = span{X1, X2, · · · , Xk} be a smooth
distribution in Rn. We identify Xi with a first order differential operator in R
n.
Denote by V j(p) the subspace of TpR
n = Rn spanned by all commutators of
Xi’s of order ≤ j (V 1 = ∆ = span{X1, · · · , Xk} is called the horizontal bundle
whose cross sections are called horizontal vector fields). We say that ∆ satis-
fies the Ho¨rmander condition provided for any p ∈ Rn there exists rp such that
dim(V rp(p)) = n. ∆ is equiregular if for each j, dim(V j(p)) is independent of the
point. If ∆ satisfies the Ho¨rmander condition and is equiregular, then the least
integer r such that dim(V r) = n is called the step of ∆.
An absolutely continuous curve γ : [a, b] → Rn is horizontal if there exist Borel
functions ci(t), a ≤ t ≤ b, such that γ˙(t) =
∑k
i=1 ci(t)Xj(γ(t)) for a.e. t ∈ [a, b].
We endow a fiberwise inner product < ·, · >c to ∆ such that {X1(p), · · · , Xk(p)} is
orthonormal at every point p ∈ Rn. The length of a horizontal curve γ is defined
as lc(γ) =
∫ b
a
(
∑k
i=1 |ci(t)|
2)
1
2 dt. Then the C-C distance dc between p and q in
Rn is defined as the infimum of the lengths of all horizontal curves connecting
p to q. dc is called the C-C distance. R
n equipped with the C-C distance is
called C-C space, denoted by (Rn,∆, dc). The Chow theorem ([7]) says that if the
distribution ∆ satisfies the Ho¨rmander condition then there exists an admissible
curve connecting any given pair of points in Rn and thus dc is a metric. For other
equivalent definitions of the C-C distance, we refer to [31].
Notation. In the remainder of the paper, when we speak of a C-C space (Rn,∆, dc)
we assume that the distribution ∆ = span{X1, · · · , Xk} satisfies the Ho¨rmander
condition. We will use ∆p to denote the fiber of ∆ through p. In the sequel |E| will
always stand for Ln(E), where Ln is the n-dimensional Lebesgue measure on Rn.
Bc(p, δ) (B(p, δ) or Bδ(p)) will denote a C-C (Euclidean) open ball centered at p
with radius δ. We will use Ω to denote the closure of a subset Ω ⊂ Rn. By Ω ⋐ Ω˜
we mean that Ω is contained in Ω˜. Let u be a Borel function defined on Ω ⊂ Rn.
The average value of u on Ω will be denoted by uΩ = −
∫
Ω udx = |Ω|
−1
∫
Ω udx.
Lemma 2.1 ([49]). Let (Rn,∆, dc) be a C-C space. Then for every bounded open
set Ω ⊂ Rn there exists C ≥ 1 such that one has
|Bc(p, 2δ)| ≤ C|Bc(p, δ)| (2.1)
whenever p ∈ Ω and δ ≤ 5diamΩ.
The condition (2.1) is called the doubling condition and the least constant C
such that (2.1) holds is called the doubling constant and Q := log2 C ≥ n is called
the local homogeneous dimension of Ω. According to [48], if ∆ is equiregular,
then the constant Q =
∑r
i=1 i(dim(V
i)−dim(V i−1)) is the Hausdorff dimension of
(Rn,∆, dc). We refer to [49] for more about C-C balls.
Let Ω be a bounded open set in (Rn,∆, dc). Following [28] we say that a Borel
function g : Ω → [0,∞] is an upper gradient of another Borel function u : Ω →
R if for every 1-Lipschitz curve γ : [0, T ] → Ω we have |u(γ(0)) − u(γ(T ))| ≤∫ T
0
g(γ(t))dt. We recall that a curve γ is called 1-Lipschitz if dc(γ(t1), γ(t2)) ≤
|t2 − t1| for all 0 ≤ t1 < t2 ≤ T .
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Let u and g ≥ 0 be two Borel functions defined on an open subset Ω. For the
pair (u, g) if there exist C > 0 and λ ≥ 1 such that
−
∫
Bc
|u− uBc |dx ≤ Cr
(
−
∫
λBc
gα
) 1
α
(2.2)
holds for every metric ball Bc in Ω, where r is the radius of Bc, then we say the
pair (u, g) satisfies a (1, α)-Poincare´ inequality for C and λ. We say (Rn,∆, dc)
supports a (1, α)-Poincare´ inequality, 1 ≤ α < ∞, if for every bounded open set
Ω when u is a continuous function in Ω and g is an upper gradient of u, the pair
(u, g) satisfies a (1, α)-Poincare´ inequality for some choice of constants CΩ > 0 and
λΩ ≥ 1. The following theorem is well known, see [30], [31] and [23].
Theorem 2.2. (Rn,∆, dc) supports a (1, β)-Poincare´ inequality for any β ∈ [1,∞).
For sharp results about Poincare´ inequalities in metric measure spaces we refer
to [44], [45] and [16].
Definition 2.3 (G-linear map). Let G = (Rn, V1, δλ) and G˜ = (R
en, V˜1, δ˜λ) be two
Carnot groups. A mapping L : G→ G˜ is called a G-linear map if
(1) L is a homogeneous with respect to δλ and δ˜λ, that is, L(δλp) = δ˜λL(p) for
any p ∈ G and λ > 0.
(2) L is a group homomorphism, that is, L(pq) = L(p)L(q) for any p, q ∈ G.
Any G-linear map is smooth and contact, for a proof see e.g [47].
Definition 2.4 (Pansu differential). Let G and G˜ be two Carnot groups with ho-
mogeneous norms ρ and ρ˜ respectively. Let E be a Borel subset of G. A G-linear
map L is called a Pansu differential of a mapping u : E → G˜ at a point p ∈ E if
lim
x→p,x∈E
ρ˜(L(a−1x)−1u(p)−1u(x))
ρ(p−1x)
= 0.
A G-linear map L is called an approximate Pansu differential of u in E at a point
p ∈ U if
ap lim
x→p
ρ˜(L(a−1x)−1u(p)−1u(x))
ρ(p−1x)
= 0
where ap limx→p f(x) denotes the approximate limit of f at p (see [12]).
Remark 2.5. The notion of derivatives for mappings between Carnot groups was
originally introduced by P. Pansu in [50] where the set E in Definition 2.4 is required
to be an open set. The version of Definition 2.4 is due to [64] and [47].
2.2. Sobolev functions defined on Carnot-Carathe´odory spaces. There are
several equivalent definitions for Sobolev functions on metric measure spaces. The
fundamental references in this topic are [23], [27]. We concentrate on Sobolev
functions in C-C spaces. Due to the differential structure of C-C spaces, the theory
of Sobolev functions in C-C spaces are more abundant than that in general metric
measure spaces.
Let (Rn,∆, dc) be a C-C space and let Ω be an open set in R
N . Let α be in
[1,∞]. The horizontal Sobolev space is the Banach space
W 1,αX (Ω) = {u ∈ L
α(Ω)|Xiu ∈ L
α(Ω), j = 1, · · · , k}
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endowed with the norm ‖u‖W 1,p
X
(Ω) = ‖u‖Lα(Ω) +
∑k
i=1 ‖Xiu‖Lα(Ω). In the above
definition, Xiu is understood in the distributional sense. Another way to define the
space W 1,αX (Ω) for 1 ≤ α < ∞ is to take the closure of C
∞ functions in the norm
‖ · ‖W 1,αX (Ω)
. As in the Euclidean case, the two approaches are equivalent. This was
obtained independently in [17] and [20].
For 1 ≤ α <∞, the Sobolev space H1,α(Ω) is defined as the set of all u ∈ Lα(Ω)
for which there exists 0 ≤ g ∈ Lα(Ω) such that the inequality
|u(x)− u(y)| ≤ dc(x, y)(g(x) + g(y)) (2.3)
holds a.e. x, y ∈ Ω. H1,α(Ω) is firstly introduced by Haj lasz in [22]. By P 1,α(Ω) we
denote the set of all functions u ∈ Lα(Ω) such that there exists 0 ≤ g ∈ Lα(Ω) such
that the pair (u, g) satisfies a (1, α)-Poincare´ inequality. Roughly speaking, the
function g in (2.3) corresponds to the maximal function of the gradient, while the
function g in (2.2) looks more like the norm of the gradient (see the Introduction
of [23]). For other notions of Sobolev functions in C-C spaces or general metric
measure spaces we refer the reader to [6], [57], [15], [43] and [46].
The following theorem, which follows from Theorem 2.2 and Theorem 1, Corol-
lary 13 in [14] (see also [40]), is crucial to Theorem 3.5 in Section 3.
Theorem 2.6. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a bounded open set.
Assume 1 < α <∞. Then the following four conditions are equivalent.
(1) u ∈W 1,αX (Ω).
(2) u ∈ H1,α(Ω).
(3) u ∈ P 1,α(Ω).
(4) u ∈ Lα(Ω) and there exist 0 ≤ g ∈ Lα(Ω), constants C > 0, λ ≥ 1 such
that (u, g) satisfies a (1, β)-Poincare´ inequality for C, λ where β ∈ [1, α).
Moreover
(i) If u ∈ Lα(Ω) and there exist 0 ≤ g ∈ Lα(Ω), constants C > 0, λ ≥ 1
such that (u, g) satisfies a (1, β)-Poincare´ inequality for C and λ ≥ 1 where
β ∈ [1, α), then ω(x) = C(supr>0 −
∫
Bc(x,r)
gβ(x)dx)
1
β is in Lα(Ω) and the
pair (u, ω) satisfies (2.3) where g is replaced by ω.
(ii) If u ∈W 1,αX (Ω) and (u, g) satisfies a (1, α)-Poincare´ inequality, then |Xu| ≤
Cg a.e. for some constant C independent of u and g.
3. Sobolev classes from Carnot-Carathe´odory spaces to separable
metric spaces
In this section we study Sobolev classes from C-C spaces to separable metric
spaces. In Section 3.1 we define H1,α, KS1,α and R1,α, then we prove that they
are equivalent as sets when 1 < α < ∞. In Section 3.2 we study properties of
Sobolev mappings from a C-C space to another C-C space of Carnot type by giving
several equivalent descriptions ofR1,α which slightly generalizes some corresponding
results in [61].
3.1. Equivalence of Sobolev classes. Let (Rn,∆, dc) be a C-C space, Ω ⊂ R
n be
a bounded open set with smooth boundary and (M,d) be a complete metric space
with a (quasi-)metric d. Assume 1 ≤ α < ∞. Let u : Ω → M be a measurable
map. u is called in Lα(Ω,M) if
∫
Ω
d(m0, u(p))
αdp <∞ for some m0 ∈M . Since Ω
is bounded, the definition is independent of the choice of m0 by the (quasi-)triangle
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inequality of d. We identify two mappings which coincide Ln-almost everywhere.
It is easily proved that Lα(Ω,M) is a complete metric space with the distance
dLα(Ω,M)(u, v) =
∫
Ω
d(u(p), v(p))αdp, see e.g. [52].
For ǫ > 0, let Ωǫ := {p ∈ Ω : distc(p, ∂Ω) > ǫ} with
distc(p, ∂Ω) = inf
q∈∂Ω
dc(p, q).
For a map u : Ω→M and for a point p ∈ Ω, we define the averaged ǫ-approximate
density function
eαǫ (p;u) = −
∫
Bc(p,ǫ)
(
d(u(p), u(q))
ǫ
)α
dq
where 1 ≤ α < ∞ and p ∈ Ω. If ϕ ∈ Cc(Ω, [0, 1]) and ǫ < distc(suppϕ, ∂Ω), we
define the approximate energy
Eαǫ (ϕ;u) =
∫
Ω
ϕ(p)eαǫ (p;u)dp. (3.1)
We now define the class KS1,α(Ω,M).
Definition 3.1. Let u ∈ Lα(Ω,M). We say u is in KS1,α(Ω,M) if
Eα(u,Ω) = sup
ϕ∈Cc(Ω,[0,1])
lim sup
ǫ→0
Eαǫ (ϕ;u)
is finite. If u ∈ KS1,α(Ω,M), Eα(u,Ω) is called the energy of Korevaar-Schoen.
The above definition is firstly introduced in [39] by Korevaar and Schoen in the
case where Ω is a Riemannian domain. Later it is generalized to general metric
measure spaces, see [52] and [29].
Definition 3.2. Let u ∈ Lα(Ω,M). We say u ∈ H1,α(Ω,M) if there exists 0 ≤
ω ∈ Lα(Ω) such that
d(u(p), u(q)) ≤ dc(p, q)(ω(p) + ω(q)) (3.2)
holds for a.e. p, q ∈ Ω. We set
EαH(u,Ω) = inf
ω
‖ω‖αLα(Ω)
where the infimum is taken among all nonnegative functions ω in Lα(Ω) such that
(3.2) holds.
H1,α(Ω,M) is a natural generalization of H1,α(Ω) and can also be extended to
more general metric measure spaces ([29]).
Definition 3.3. Let u ∈ Lα(Ω,M). We say u ∈ R1,α(Ω,M) if for any m ∈ M ,
the scalar function θm(p) defined by θm(p) := d(m,u(p)) is in W
1,α
X (Ω) and there
exists 0 ≤ g ∈ Lα(Ω) (independent of m) such that
|Xθm(p)| ≤ g(p)
a.e. p ∈ Ω for any m ∈M . We call g is a dominant function of u. We set
EαR(u,Ω) = inf
g
‖g‖αLα(Ω)
where the infimum is taken among all dominant functions g of u.
When Ω is an Euclidean domain (that is ∆ = span{ ∂
∂x1
, · · · , ∂
∂xn
}), this defini-
tion coincides with that in [53].
10 KANGHAI TAN
Lemma 3.4. If u ∈ KS1,α(Ω,M), then θm ∈ KS
1,α(Ω, R) and eαǫ (p, θm) ≤
Ceαǫ (p, u) for any m ∈ M and some constant C (independent of m). Thus there
exists 0 ≤ g ∈ Lα(Ω) independent of m such that the pair (θm, g) satisfies a (1, β)-
Poincare´ inequality for any m ∈M and β ∈ [1, α).
Lemma 3.4 is from Theorem 2.2 and a careful examination of the proof of The-
orem 4.5 in [40].
Various seemly different definitions of Sobolev classes are equivalent. Precisely,
we have
Theorem 3.5. Let (Rn,∆, dc) be a C-C space and Ω be a bounded open set in R
n.
Assume that M is a separable metric space with a (quasi-) metric d. If 1 < α <∞,
then
KS1,α(Ω,M) = R1,α(Ω,M) = H1,α(Ω,M)
as sets.
Proof. Step 1. KS1,α(Ω,M) ⊂ R1,α(Ω,M).
Let u ∈ KS1,α(Ω,M), then from Theorem 2.6 and Lemma 3.4 we conclude that
θm ∈W
1,α
X (Ω) and there exists g
′ ∈ Lα(Ω) independent of m such that |Xθm(p)| ≤
g′(p) for any m ∈M and a.e. p ∈ Ω. Thus KS1,α(Ω,M) ⊂ R1,α(Ω,M).
Step 2. R1,α(Ω,M) ⊂ H1,α(Ω,M).
Let u ∈ R1,α(Ω,M). By definition, u ∈ Lα(Ω,M), θm ∈ W
1,α
X (Ω) for any
m ∈ M and there exists g ∈ Lα(Ω) independent of m such that |Xθm(p)| ≤ g(p)
holds a.e. p ∈ Ω for anym ∈M . Since the pair (θm, Xθm) satisfies a (1, α)-Poincare´
inequality for some choice of constants C > 0 and λ ≥ 1 for any m ∈ M (see e.g.
[19]), the pair (θm, g) also satisfies a (1, α)-Poincare´ inequality for C and λ and any
m ∈M . For β ∈ [1, α) we let
ω(x) = C
(
sup
r>0
−
∫
Bc(x,r)
gβ(x)dx
) 1
β
.
SinceM is separable, we can choose a sequence of points {mi}
∞
i=1 such that {mi}
∞
i=1
is dense in M . From Theorem 2.6 we conclude that for any i there exists a set Ωi
of measure zero such that the inequality
|θmi(p)− θmi(q)| ≤ dc(p, q)(ω(p) + ω(q))
holds for any p, q ∈ Ω\Ωi. Let us set Ω
′ :=
⋃∞
i=1 Ωi, then |Ω
′| = 0 and
|d(mi, u(p))− d(mi, u(q))| ≤ dc(p, q)(ω(p) + ω(q)) (3.3)
holds for any p, q ∈ Ω\Ω′ and i ∈ N. Fixing a point p such that (3.3) holds for any
q ∈ Ω\Ω′ and i ∈ N, we can choose a subsequence of {mi}
∞
i=1 such that it converges
to u(p). Hence d(u(p), u(q)) ≤ dc(p, q)(ω(p) + ω(q)) holds for all p, q ∈ Ω\Ω
′. Thus
u ∈ H1,α(Ω,M).
Step 3. H1,α(Ω,M) ⊂ KS1,α(Ω,M).
Let u ∈ H1,α(Ω,M). By definition, u ∈ Lα(Ω,M) and there exists 0 ≤ ω ∈
Lα(Ω) such that
d(u(p), u(q)) ≤ dc(p, q)(ω(p) + ω(q)) (3.4)
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holds for a.e. p, q ∈ Ω. Let ϕ ∈ Cc(Ω, [0, 1]) and ǫ <
1
3distc(suppϕ, ∂Ω). We have
Eαǫ (ϕ;u) ≤
∫
Ω
ϕ−
∫
Bc(p,ǫ)
(
d(u(p), u(q))
ǫ
)α
dqdp (3.5)
≤
∫
Ω
ϕ−
∫
Bc(p,ǫ)
(
d(u(p), u(q))
dc(p, q)
)α
dqdp
≤ C
∫
Ω
ϕ−
∫
Bc(p,ǫ)
(|ω(p)|α + |ω(q)|α) dqdp (3.6)
≤ C‖ω‖αLα(Ω) + C
∫
Ω3ǫ
(
−
∫
Bc(p,ǫ)
|ω(q)|αdq
)
dp
= C‖ω‖αLα(Ω) + C
∫
Ω3ǫ
(∫
Ω2ǫ
|ω(q)|α
χBc(p,ǫ)(q)
|Bc(p, ǫ)|
dq
)
dp
≤ C‖ω‖αLα(Ω) + C
∫
Ω
(∫
Ω2ǫ
|ω(q)|α
χBc(q,ǫ)(p)
|Bc(p, ǫ)|
dq
)
dp (3.7)
= C‖ω‖αLα(Ω) + C
∫
Ω2ǫ
|ω(q)|α
(∫
Ω
χBc(q,ǫ)(p)
|Bc(p, ǫ)|
dp
)
dq (3.8)
= C‖ω‖αLα(Ω) + C
∫
Ω2ǫ
|ω(q)|α
(∫
Bc(q,ǫ)
1
|Bc(p, ǫ)|
dp
)
dq
= C‖ω‖αLα(Ω) + C
∫
Ω2ǫ
|ω(q)|α
(
−
∫
Bc(q,ǫ)
|Bc(q, ǫ)|
|Bc(p, ǫ)|
dp
)
dq
≤ C‖ω‖αLα(Ω) + C
∫
Ω2ǫ
|ω(q)|α
(
−
∫
Bc(q,ǫ)
|Bc(p, 2ǫ)|
|Bc(p, ǫ)|
dp
)
dq (3.9)
≤ C′‖ω‖αLα(Ω) (3.10)
where in (3.6) we used (3.4); (3.7) is from χBc(p,ǫ)(q) = χBc(q,ǫ)(p) where χA(q)
denotes the characteristic function of the set A; in (3.8) we used the Fubini’s The-
orem; (3.9) is from the fact that if p ∈ Bc(q, ǫ) then Bc(q, ǫ) ⊂ Bc(p, 2ǫ); (3.10) is
from the doubling condition (2.1).
So u ∈ KS1,α(Ω,M). 
Corollary 3.6. Let (Rn,∆, dc) be a C-C space and Ω be a bounded open set in R
n.
Assume that M is a separable metric space with a (quasi-) metric d. If 1 < α <∞
and u ∈ R1,α(Ω,M), then Eα(u,Ω), EαH(u,Ω) and E
α
R(u,Ω) are equivalent in the
sense that each one can be dominated by a constant multiple of another.
3.2. Basic properties of Sobolev mappings. In this section we slightly gener-
alize the results in [61] of some equivalent descriptions of R1,α(Ω, G˜) where Ω ⊂ G
is a bounded open set and G, G˜ are two Carnot groups to the case when G is a
C-C space and G˜ is a C-C space of Carnot type (see Definition 3.7).
In the sequel we will assume that ∆ is equiregular.
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Definition 3.7. A C-C space (Rn,∆, dc) is of Carnot type if the system ∆ =
span{X1, · · · , Xk} is of the form
Xi(p) =
∂
∂xi
+
n∑
j=k+1
aji (p)
∂
∂xj
i = 1, · · · , k, (3.11)
where aji are smooth.
This definition is motivated by the analogy with the canonical generating vector
fields of a Carnot group (see (1.1)).
Next we will use the concept of “some property holds for a.e. curves”. Let us
briefly describe it, for details see [38]. Let (Rn,∆, dc) be a C-C space and A ⊂ R
n
be a bounded open set. Let Γ be a fibration of A satisfying that the role of a fiber
γ ∈ Γ is played by integral curves of a vector field τ ∈ span{X1, · · · , Xk}. If we
denote the flow induced by the field by the symbol fs then the fiber has the form
γ(s) = fs(p), where p belongs to a hypersurface Σ transversal to τ (such Σ exists
obviously). We can endow a measure dγ to Γ as follows
dγ = Ff−s i(τ)dx
where Ffs is the Jacobian of the flow fs ,i(τ) is the interior product of the vector
field τ and dx is the standard volume form in Rn, such that
c0|B|
Q−1
Q ≤
∫
γ∈Γ,γ∩Bc(x,r) 6=∅
dγ ≤ c1|B|
Q−1
Q .
for sufficiently small balls B = Bc(x, r) ⊂ R
n with constants c0 and c1, where Q
is the homogeneous dimension of (Rn,∆, dc). We can identify a fiber of Γ with a
point in Σ through the canonical projection. Roughly speaking, saying that some
property holds for a.e. curves in Γ is the same as saying that this property holds
for dσ a.e. points in Σ where dσ denotes the Riemannian measure on Σ induced
from the standard Euclidean metric in Rn.
Definition 3.8 (ACL(Ω,M)). Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a
bounded open set. Let M be a metric space with a (quasi-)metric d. A mapping
u : Ω → M is absolutely continuous on lines (denoted by ACL for brevity) if for
every fibration Γi of Ω determined by Xi, i = 1, · · · , k, the curve u(γ) : γ∩Ω→M ,
is absolutely continuous in the parameter t for dγ-almost every curve γ ∈ Γi.
In Definition 3.8 any element γ in Γi is a flow induced byXi. Since Ω is bounded,
γ ∩Ω has the form expp(tXi) where p ∈ Ω and vice-versa.
Definition 3.9 (R1,α1 (Ω,M) and R
1,α
2 (Ω,M)). Let (R
n,∆, dc) be a C-C space
and Ω ⊂ Rn be a bounded open set. Let M be a separable metric space with a
(quasi-)metric d. Assume u : Ω → M be a mapping and 1 ≤ α < ∞. We say
u ∈ R1,α1 (Ω,M) if
(1) θm ∈ L
α(Ω) for any m ∈M .
(2) up to a modification on a set of measure zero, u ∈ ACL(Ω,M); moreover
the length of the curve u(γ) : γ ∩ Ω → M is absolutely continuous in the
parameter t for dγ a.e. curve γ ∈ Γi where Γi is a fibration of Ω determined
by Xi.
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(3) the derivative Xiul(p) = limt→0
l(u(p),u(expp(tXi)))
t
of the length of the curve
Υ(τ) := u(expp(τXi)) : [0, t] → M, which exists almost everywhere in Ω,
belongs to Lα(Ω) for all i = 1, · · · , k. Here l(u(p), u(expp(tXi))) is the
length of the path Υ[0, t].
We say u ∈ R1,α2 (Ω,M) if
(1) for any function f ∈ Lip(M), f ◦ u ∈W 1,αX (Ω);
(2) there exists 0 ≤ g ∈ Lα(Ω) such that |X(f ◦ u)| ≤ Lipf.g holds a.e. for all
f ∈ Lip(Ω).
The following theorem is a slight generalization of Proposition 4.1 in [61] (see
also [64]).
Theorem 3.10. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a bounded open
set. Let M be a separable metric space with a (quasi-)metric d. Assume u : Ω→M
be a mapping and 1 ≤ α <∞, then
R1,α(Ω,M) = R1,α1 (Ω,M) = R
1,α
2 (Ω,M)
as sets.
Definition 3.11 (HW 1,α(Ω,M) and HW 1,α1 (Ω,M)). Let (R
n,∆, dc) be a C-C
space and Ω ⊂ Rn be a bounded open set. Let M = (Ren, ∆˜, d˜) be a C-C space
with ∆ = span{X˜1, · · · , X˜ek} and a (quasi-)metric d˜ which is equivalent to the C-C
metric d˜c (that is, there exist constants C1 and C2 such that C1d˜ ≤ d˜c ≤ C2d˜).
Assume u = (u1, · · · , uen) : Ω → M be a mapping and 1 ≤ α < ∞. We say
u ∈ HW 1,α(Ω,M) if
(1) d˜(u) ∈ Lα(Ω);
(2) up to a redefinition on a set of measure zero, ui ∈ ACL(Ω, R) for i =
1, · · · , n˜; for i = 1, · · · , k˜;
(3) Xju(x) =
∑en
i=1Xju
i(x) ∂
∂exi
∈ ∆˜u(x) which exists for a.e x ∈ Ω, belongs
to Lα(Ω), that is,
∫
Ω
‖Xju(x)‖
α
<˜·,·>
ec
dx < ∞, j = 1, · · · , k˜, where <˜ ·, · >ec
denotes the fiberwise inner product in ∆˜.
We say u ∈ HW 1,α1 (Ω,M) if
(1) d˜(u) ∈ Lα(Ω);
(2) up to a redefinition on a set of measure zero, u ∈ ACL(Ω,M);
(3) the derivative Xju(x) =
d
dt
u(expx(tXj)) |t=0∈ ∆˜u(x) which exists a.e. in
Ω, belongs to Lα(Ω), j = 1, · · · , k.
In Definition 3.11, we abuse the notation d˜(x˜) = d˜(x˜, 0) for x˜ ∈ Ren.
The following lemma, draw from [25], is crucial to prove Theorem 3.13.
Lemma 3.12 (Carathe´odory). Suppose D is an open set in RN+1, f(t, x) : D →
RN satisfies the Carathe´odory conditions on D, that is, f is Borel measurable in
t and for each compact set D′ of D, there is an integrable function mD′ such that
|f(t, x)| ≤ mD′(t), (t, x) ∈ D
′. Moreover for each compact set U in D, there exists
an integrable function kU (t) such that |f(t, x) − f(t, y)| ≤ kU (t)|x − y|, (t, x) ∈
U, (t, y) ∈ U. Then, for any (t0, x0) in U , there exists a unique solution x(t, t0, x0)
of dx(t)
dt
= f(t, x) a.e passing trough (t0, x0). Moreover the domain E in R
N+2 of
the function x(t, t0, x0) is open and x(t, t0, x0) is continuous in E.
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The following theorem, which can be proved by using Lemma 3.12 and a similar
argument of S. K. Vodop’yanov (Proposition 4.2 in [61]), is of paramount impor-
tance for our purpose.
Theorem 3.13. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a bounded open set.
Let M = (Ren, ∆˜, d˜) be a C-C space of Carnot type where ∆ = span{X˜1, · · · , X˜ek}
and d˜ is a metric equivalent to the C-C metric d˜c. Assume u = (u
1, · · · , uen) : Ω→
M be a mapping and 1 ≤ α <∞. Then
R1,α(Ω,M) = R1,α1 (Ω,M) = R
1,α
2 (Ω,M) = HW
1,α(Ω,M) = HW 1,α1 (Ω,M)
as sets.
Remark 3.14. Note that if u(expp(tXj)) is a horizontal curve in M = (R
en, ∆˜, d˜c),
then it follows from
lc(u(expp(t1Xj)), u(expp(tXj))) =
∫ t
t1
‖Xju(expp(sXj))‖<˜·,·>c
ds
that Xjulc(expp(t1Xj) = ‖Xju(expp(t1Xj))‖<˜·,·>c
a.e. t1, where the length lc of
u(expp(tXj)) is computed with respect to the C-C metric d˜c. So if u(expp(tXj)) is
horizontal, then C1Xjul(p) ≤ ‖Xju(p)‖<˜·,·>c
≤ C2Xjul(p) trivially holds for a.e.
p ∈ Ω where C1, C2 are constants only depends on the (quasi)-metric d˜.
Definition 3.15 (contact mapping). Let (Rn,∆, dc) and (R
en, ∆˜, d˜c) be two C-C
spaces. Let Ω be a bounded open set of Rn. Assume u : Ω → Ren be a measurable
mapping. We say u is a weakly contact mapping if
(1) Xju
i(p) =
dui(expp tXj)
dt
|t=0 exists a.e. p ∈ Ω for j = 1, · · · , k and i =
1, · · · , n˜;
(2) Xju(p) =
∑en
i=1Xju
i(p) ∂
∂exi
∈ ∆˜u(p) a.e.p ∈ Ω.
If u is smooth and satisfies (2), then u is called a contact map. If u is a (weakly)
contact mapping, then u induces a linear map Dhu(p) : ∆p → ∆˜u(p).
Remark 3.16. Under the same conditions of Theorem 3.13 two observations are in
order:
(1) If u ∈ R1,α(Ω,M), then by Theorem 3.13, u is a weakly contact mapping
and the induced map Dhu can be represented by the matrix (Xiu
j(p))
k×ek
of which each entry belongs to Lα(Ω). It is easily inferred from (3.11) that
Xju(p) =
∑ek
i=1Xju
i(p)X˜i.
(2) Let u ∈ R1,α(Ω,M). By Theorem 3.13 we have u ∈ Lα(Ω,M), ui ∈
ACL(Ω, R) for i = 1, · · · , n˜ and Xju
i ∈ Lα(Ω) for i = 1, · · · , k˜. We can
not verify
ui ∈ Lα(Ω) for i = 1, · · · , k˜. (3.12)
But if M is a Carnot group with a homogeneous norm ρ˜, then (3.12) holds.
In general we do not have that ui ∈ W 1,αX (Ω) for i = k˜ + 1, · · · , n˜ even if
M is a Carnot group.
In section 4 we will use the results about Pansu differentiability of Sobolev
mappings between Carnot groups with respect to the topology of Lα(Ω) to get the
explicit form of the Korevaar-Schoen energy. Pansu differentiability with respect
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to several topology for Sobolev mappings between Carnot groups has been studied
in details in [61], [62], [63] and [64].
Theorem 3.17. Let G = (Rn, V1, δλ, ρ) and G = (R
en, V˜1, δ˜λ, ρ˜) be two Carnot
groups where ρ and ρ˜ homogeneous norms endowed to G, G˜ respectively. Let Ω be
a bounded open set of G. Let 1 ≤ α <∞. If u ∈ R1,α(Ω, G˜), then
(1) u is approximate Pansu differentiable a.e. in Ω. Let Du(p) be the approxi-
mate Pansu differential at p ∈ Ω. The linear map Dhu from V1 to V˜1 can
be extended to a homomorphism Du(p) of Lie algebras such that
Du(p) = e˜xp ◦ Du(p) ◦ exp
−1 .
(2) If ρ˜ is a homogeneous norm of the class of C∞ on G\{0}, then for a.e.
p ∈ Ω, Du(p) is the Pansu differential of u in the topology of Lα(Ω). That
is,
lim
ǫ→0
∫
ρ(ω)≤1
(
ρ˜((Du(p)(ω))−1δ˜ 1
ǫ
(u(p)−1u(pδǫω)))
)α
dω = 0. (3.13)
3.3. Precompactness and the trace theorem for Sobolev mappings. In
this section we first give a compactness theorem and then develop a trace theorem,
which will be needed in Section 5. The trace theorem for Sobolev mappings between
metric spaces is delicate. In [39], a satisfactory trace theorem was developed for
mappings in KS1,α(Ω,M) when Ω is a Lipschitz Riemannian domain and M is a
complete metric space. In the case Ω is a sub-Riemannian domain, whether an
analogue can be developed is the problem we are going to investigate. Note that
even for scalar valued Sobolev functions the trace theorem is not trivial when the
domain is sub-Riemannian, see [20] and [9] for extensive discussions. The difficulty
to this problem is partly due to the presence of characteristic points in the boundary
of domain. In this paper, we will not deal with the case when the boundary of the
domain possesses characteristic points. The characteristic case will be investigated
in a forthcoming paper.
We first have the following precompactness theorem. Since its proof is standard
(see [1], Theorem 2.4 and [39], Theorem 1.13), we omit it.
Theorem 3.18. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a bounded open
set. Let M be a separable complete metric space with a (quasi-)metric d. Let α > 1.
Assume {uµ}
∞
µ=1 be a sequence of mappings in R
1,α(Ω,M) such that
sup
µ
{∫
Ω
dα(uµ(p),m0)dp+
∫
Ω
gαµ (p)dp
}
≤ C
where 0 ≤ gµ ∈ L
α(Ω) is a dominant function of the horizontal derivatives of
θµm(p) := d(m,uµ(p)) for any m ∈ M , that is, |Xθ
µ
m(p)| ≤ g(p) a.e. p ∈ Ω for
any m ∈ M (see Definition 3.3); C > 0 is an absolute constant; m0 is a fixed
point in M . Then there exists a subsequence {uµ′}
∞
µ′=1 of {uµ}
∞
µ=1 and a mapping
u ∈ R1,α(Ω,M) such that
(1) limµ′→∞
∫
Ω d
α(uµ′(p), u(p))dp = 0;
(2) there exists a dominant function 0 ≤ g ∈ Lα(Ω) of the horizontal derivatives
of θm(p) := d(m,u(p)) (m ∈ M) satisfies
∫
Ω
gα(p)dp ≤ lim
µ′→0
∫
Ω
gαµ′(p)dp ≤
C.
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Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a C2 smooth bounded domain
whose boundary does not possess characteristic points. We recall that a character-
istic point p ∈ ∂Ω is a point where the tangent space Tp∂Ω contains the horizontal
space ∆p. Let ~n be the unit Euclidean exterior normal vector field of ∂Ω. Since Ω
is C2, there exists a neighborhood U˜ of ∂Ω such that the signed distance function
de(p) =
−dist(p, ∂Ω) := infq∈∂Ω |p− q| if p ∈ U ∩Ω,dist(p, ∂Ω) if p ∈ U ∩Ωc.
is a defining function of Ω (near the boundary), that is de is C
2 in U˜ and ~n = ∇de
where ~n is the unit Euclidean exterior normal vector fields in ∂Ω. Since we have
assumed that ∂Ω is not characteristic, there exists a constant 0 < ρ˜ ≤ 1 such that
the horizontal transverse vector field Z(p) = Xde(p) =
∑k
i=1 < Xi, ~n > Xi satisfies
|Z(p)| = ‖Z(p)‖<·,·>c ≥ ρ˜ for any p ∈ U ⊂ U˜
where U is a neighborhood of ∂Ω. The horizontal transverse vector field Z induces
a fibration ΓZ of U ∩ Ω, that is, ΓZ = {γ(t) = expp(tZ) : [0, t0] → Ω, p ∈ ∂Ω}.
Then γp(t) satisfies
γp(t) ∈ Ω if 0 < t < t0,
γp(t) /∈ Ω if − t0 < t < 0,
|de(γp(t1))− de(γp(t2))| > ρ|t1 − t2| if |t1|, |t2| < t0
(3.14)
for some choice of constants ρ > 0 and t0 > 0.
We recall the definition of the measure dγ on ΓZ , dγ = F−ti(Z)dv, where Ft is
the Jacobian of the flow expp(tZ), p ∈ Ω and dv is the standard volume form of
Ω. Since Z is transversal to ∂Ω, the area form dσ of ∂Ω, up to a normalization,
is i(Z)dv where Z is understood as the restriction on ∂Ω of Z. Note that F−t is
always bounded in U .
Let M be a separable metric space with a metric d. Let u ∈ R1,α(Ω,M)(α ≥ 1).
We define the trace Tu ∈ Lα(∂Ω,M) of u on ∂Ω as follows. By Theorem 3.10 there
exists a representative u˜ of u such that u˜ is absolutely continuous on dγ almost all
curves in ΓZ , that is, u˜ is absolutely continuous on γp(t) = expp(tZ) (0 < t ≤ t0)
for dσ almost all p ∈ ∂Ω. Thus the map
Tu(p) = lim
t→0+
u˜(γp(t))
can be defined for a.e. p ∈ ∂Ω. Furthermore from the proof of Theorem 3.10 (see
(4.1) in Page 641 of [61]) and using Ho¨lder inequality we have
dα(Tu(p), u˜(γp(t))) ≤ t
α−1
∫
[p,γp(t)]
gαds (3.15)
for a.e. p ∈ ∂Ω where 0 ≤ g ∈ Lα(Ω). Integrating (3.15) with respect to p we infer∫
∂Ω
dα(Tu(p), u˜(γp(t)))dσ(p) ≤ t
α−1
∫
∂Ω
∫
[p,γp(t)]
gαdsdσ(p)
≤ Ctα−1
∫
ΩCt
gαdv (3.16)
where C is a constant independent of t and ΩCǫ denotes the set of points in Ω whose
C-C distance to ∂Ω is at most ǫ. Since u˜ ∈ Lα(Ω,M), by the Fubini’s theorem the
maps u˜(γp(t)) are in L
α(∂Ω,M) for almost all t ∈ [0, t0]. We conclude from (3.16)
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that the trace map T (u) is the Lα(∂Ω,M) limit of the maps u˜(γp(t)) as t → 0, so
is itself an Lα map. Since T (u) is the Lα limit of almost all of the maps u˜(γp(t)),
as t→ 0, T (u) is independent of the choice of the representative of u.
Thus we have proven
Proposition 3.19. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a C2 smooth
bounded domain whose boundary ∂Ω does not possess characteristic points. Let
M be a separable metric space with a (quasi-)metric d. Assume u ∈ R1,α(Ω,M),
α ≥ 1. Then the trace T (u) is well defined and Tu ∈ Lα(∂Ω,M).
Remark 3.20. In Proposition 3.19 the noncharacteristic condition is restrictive in
the sense that “most” smooth bounded domains in a C-C space are characteristic.
For examples of noncharacteristic smooth bounded domains we refer the reader to
[9].
The following lemma can be easily deduced from Theorem 2.6, Theorem 3.5,
Corollary 3.6 and Corollary 1.6.3 in [39].
Lemma 3.21. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a bounded open set.
Let M be a separable metric space with a (quasi-)metric d and let α > 1. As-
sume u, v ∈ R1,α(Ω,M) with dominant functions gu, gv respectively, then d(u, v) ∈
W 1,αX (Ω) and
‖Xd(u, v)‖Lα(Ω) ≤ C(‖gu‖Lα(Ω) + ‖gv‖Lα(Ω)) (3.17)
for some constant C > 0.
Theorem 3.22. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a C2 smooth
bounded domain whose boundary ∂Ω does not possess characteristic points. Let M
be a separable complete metric space with a (quasi-)metric d and let α > 1. If the
sequence {uµ}
∞
µ=1 ⊂ R
1,α(Ω,M) has a sequence of dominant functions {gµ}
∞
µ=1 ⊂
Lα(Ω) (that is, gµ is a dominant function for uµ) such that {‖gµ‖
α
Lα(Ω)}
∞
µ=1 has
uniform bound, and if {uµ} converges in L
α(Ω,M) to a mapping u : Ω→M , then
the trace functions of uµ converge in L
α(∂Ω,M) to the trace of u. Two mapping
u, v ∈ R1,α(Ω,M) have the same trace if and only if d(u, v) ∈ W 1,αX (Ω) has trace
zero.
Proof. It follows from Theorem 3.18 that the Lα(Ω,M) limit map u belongs to
R1,α(Ω,M). Since (3.16) holds, Theorem 3.22 follows almost verbatim from the
arguments in the proof of Theorem 1.12.2 in [39]( for the existence of dc-Lipschitz
cut-off functions see [20]).

4. Energy of Korevaar-Schoen
This section and Section 5 are devoted to making a choice of a reasonable energy
which should be natural and compatible to the structures of the considered C-C
spaces. Since the energy of Korevaar-Schoen has been extensively studied, a natural
question is that whether it is the one we expected. When the target does not possess
any curvature bound in the sense of Alexandrov, we want the energy to be of “good”
form, for example, it is a Dirichlet integral. Unfortunately the energy of Korevaar-
Schoen is not of the form of the Dirichlet integral, though it can be represented by
an integral (see (4.1)). By now we can not prove or disprove that the energy of
Korevaar-Schoen is lower semicontinuous with respect to some topology. Note that
18 KANGHAI TAN
C-C spaces may not possess “measure contraction property” which Riemannian
manifolds possess (see [59]). Thus we can not adopt the idea in [39] and [59].
Theorem 4.1. Let G = (Rn, V1, δλ, ρ) and G = (R
en, V˜1, δ˜λ, ρ˜) be two Carnot
groups where ρ and ρ˜ are homogeneous norms endowed to G and G˜ respectively.
Let Ω be a bounded open set of G. Let α ∈ (1,∞). If ρ˜ is of the class of C∞ on
G˜\{0} and u ∈ KS1,α(Ω, G˜), then the energy of Korevaar-Schoen can be written
as:
Eα(u,Ω) =
∫
Ω
−
∫
Bρ(0,1)
(ρ˜(Du(p)(ω)))
α
dωdp. (4.1)
where Bρ(0, 1) = {ω : ρ(ω) ≤ 1} and Du(p) : G → G˜ is the approximate Pansu
derivative of u at p.
Proof. We abuse the notation ρ(p, q) := dρ(p, q) = ρ(p
−1q). By Theorem 3.17
u is approximately Pansu differentiable a.e. p ∈ Ω. Fix p ∈ Ω at which u is
approximately Pansu differentiable in Ω. Recalling that the Lebesgue measure Ln
in Rn is the Haar measure of G and the definition of homogeneous norms, by a
change of variables we have
eǫ(p;u) = −
∫
Bρ(p,ǫ)
(
ρ˜(u(p), u(q))
ǫ
)α
dq
= −
∫
Bρ(0,1)
(
ρ˜(δ˜ 1
ǫ
(u(p)−1u(pδǫω)))
)α
dω (4.2)
By Theorem 3.5, we have u ∈ R1,α(Ω, G˜). Now we can use (3.13) to deduce
lim
ǫ→0
eǫ(p;u) = −
∫
Bρ(0,1)
(ρ˜(Du(p)ω))
α
dω. (4.3)
In fact, by a well known inequality
||a+ b|α − |b|α| ≤ C(δ)|a|α + δ|b|α (4.4)
where a, b ∈ R, δ > 0 and C(δ) only depends on δ and α, we obtain(
ρ˜(δ˜ 1
ǫ
(u(p)−1u(pδǫω)))
)α
− (ρ˜(Du(p)ω))
α
=
(
ρ˜(δ˜ 1
ǫ
(u(p)−1u(pδǫω)))− ρ˜(Du(p)ω) + ρ˜(Du(p)ω)
)α
− (ρ˜(Du(p)ω))α
≤ δ (ρ˜(Du(p)ω))α + C(δ)
(
ρ˜(δ˜ 1
ǫ
(u(p)−1u(pδǫω)))− ρ˜(Du(p)ω)
)α
(4.5)
≤ δ (ρ˜(Du(p)ω))
α
+ C(δ)C′
(
ρ˜((Du(p)ω)−1δ˜ 1
ǫ
(u(p)−1u(pδǫω)))
)α
(4.6)
where (4.5) is from (4.4) and in (4.6) we have used the quasi-triangle inequality
property of ρ˜. Thus (4.3) follows from (4.2), (4.6), (3.13) and the arbitrariness of δ
in (4.6).
On the other hand, since by Theorem 3.5 u ∈ H1,α(Ω, G˜), there exists 0 ≤ g ∈
Lα(Ω) such that
ρ˜(u(p), u(q)) ≤ ρ(p, q)(g(p) + g(q)) (4.7)
holds for a.e. p, q ∈ Ω. Let ϕ ∈ Cc(Ω, [0, 1]) and ǫ < distρ(suppϕ, ∂Ω). Assume
Fǫ(u, p) := ϕ(p)eǫ(p;u), (4.8)
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then by (4.7) we have
Fǫ(u, p) ≤ Gǫ(u, p) := Cϕ(p)|g(p)|
α + Cϕ(p)−
∫
Bρ(p,ǫ)
|g(q)|αdq (4.9)
for a.e. p ∈ Ω where C only depends on α. Since g ∈ Lα(Ω), by Lebesgue
differentiation theorem (see e.g. [27], Chapter 2)
lim
ǫ→0
Gǫ(u, p) = G(u, p) := 2Cϕ(p)|g(p)|
α a.e. p ∈ Ω. (4.10)
From∫
Ω
Gǫ(u, p)dp = C
∫
Ω
ϕ(p)|g(p)|αdp+ C
∫
Ω
ϕ(p)−
∫
Bρ(p,ǫ)
|g(q)|αdqdp
= C
∫
Ω
ϕ(p)|g(p)|αdp+ C
∫
Ωǫ
ϕ(p)−
∫
Bρ(0,1)
|g(pδǫq
′)|αdq′dp (4.11)
= C
∫
Ω
ϕ(p)|g(p)|αdp+ C−
∫
Bρ(0,1)
∫
Ωǫ
ϕ(p)|g(pδǫq
′)|αdpdq′ (4.12)
= C
∫
Ω
ϕ(p)|g(p)|αdp+ C−
∫
Bρ(0,1)
∫
Ω
ϕ(p′δǫq
′−1)|g(p′)|αdp′dq′ (4.13)
where in (4.11) we have made the change of variables q′ = δ 1
ǫ
(p−1q), in (4.12) used
the Fubini’s Theorem, in (4.13) used the change of variables p′ = pδǫq
′,
ϕ(p′δǫq
′−1)|g(p′)|α ≤ |g(p′)|α
and ∫
Ω
ϕ(p′δǫq
′−1)|g(p′)|αdp′dq′ ≤ ‖g‖αLα(Ω),
by dominated convergence theorem we infer that
lim
ǫ→0
∫
Ω
Gǫ(u, p)dp = C
∫
Ω
ϕ(p)|g(p)|αdp+ C−
∫
Bρ(0,1)
∫
Ω
lim
ǫ→0
ϕ(p′δǫq
′−1)|g(p′)|αdp′dq′
= 2C
∫
Ω
ϕ(p)|g(p)|αdp
=
∫
Ω
G(u, p)dp (4.14)
since ϕ ∈ Cc(Ω, [0, 1]). From (4.3), (4.8), (4.9), (4.10), (4.14) and a variant domi-
nated convergence theorem (see e.g. [11], p21), we have
lim
ǫ→0
∫
Ω
Fǫ(u, p)dp =
∫
Ω
ϕ(p)−
∫
Bρ(0,1)
(ρ˜(Du(p)ω))α dωdp.
for any ϕ ∈ Cc(Ω, [0, 1]). Consequently (4.2) follows. 
In Theorem 4.2 we give a representation of the energy of Korevaar-Schoen for
mappings in KS1,α(Ω, G˜) from a Carnot group to another Carnot group. One may
ask whether Eα(u,Ω) is lower semicontinuous with respect to some topology of
KS1,α(Ω, G˜). When Ω is a smooth Riemannian domain and G˜ is a metric space
with a metric d, in [39] Korevaar-Schoen proved Eα(u,Ω) is lower semicontinu-
ous with respect to the topology of Lα(Ω, G˜), that is, if supµE
α(uµ,Ω) < ∞ and
limµ→∞
∫
Ω d(uµ(p), u(p))
αdp = 0, then Eα(u,Ω) ≤ lim infµ→∞ E
α(uµ,Ω). This
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lower semicontinuity property is based on a subpartitional lemma for the approx-
imate energies Eαǫ (ϕ;u) (see (3.1)) which plays a fundamental role in the whole
story of [39]. The idea in [39] of constructing Sobolev mappings between metric
spaces has been used and generalized by several authors, see [59], [41], [42] and
[10]. Whether or not a subpartitional lemma for the approximate energies holds
depends on the metric property of the domain space and is independent of the
target. Sturm in [59] proposed a type of metric spaces which possess so called a
measure contraction property(MCP). The class of MCP spaces includes Lipschitz
Riemannian spaces. Sturm proved that a subpartitional lemma for the approximate
energies holds in MCP spaces. Now a natural question, which has independent in-
terests, is whether or not C-C spaces are MCP spaces (or SMCPBG, GMCP in the
sense of [41], [42]). In the following, for Heisenberg group we will prove that the
Jacobian of the change of variables along C-C geodesics is not what we expected.
Let’s first recall some fundamental facts about C-C geodesics in Heisenberg
groups Hm(see [3] or [60]).
Lemma 4.2. Let g0 = (x0, y0, t0) 6= 0 be a point in H
m. We have
(1) if x20 + y
2
0 6= 0, then there exists a unique C-C geodesic connecting 0 to g0.
(2) otherwise, there exist infinitely many C-C geodesics connecting 0 to g0.
Moreover, let γ(s) = (x(s), y(s), t(s))(0 ≤ s ≤ 1) be any C-C geodesic connecting 0
to g0, we have
xi(s) =
Ai(cos(sφρ)−1)+Bi sin(sφρ)
φ
, i = 1, · · · ,m,
yi(s) =
Bi(cos(sφρ)−1)−Ai sin(sφρ)
φ
, i = 1, · · · ,m,
t(s) = 2 sφρ−sin(sφρ)
φ2
,
where τ = φρ ∈ [−2π, 2π] is the unique solution in [−2π, 2π] of the equation
1− cos τ
τ − sin τ
=
|x0|
2 + |y0|
2
t0
(4.15)
with 
τ = 0 if t0 = 0,
|τ | = 2π if |x0|
2 + |y0|
2 = 0,
τ ∈ (0, 2π) if t0 > 0,
τ ∈ (−2π, 0) otherwise;
ρ = dc(0, g0) is the arc length of γ determined by
ρ =
√
τ2t0
2(τ−sin τ) , if t0 6= 0,
ρ =
√
|x0|2 + |y0|2, if t0 = 0;
if |x0|
2 + |y0|
2 6= 0 {A1, · · · , Am, B1, · · · , Bm} is subject to
∑n
i=1(A
2
i +B
2
i ) = 1,
x0i =
Ai(cos(φρ)−1)+Bi sin(φρ)
φ
, i = 1, · · · ,m,
y0i =
Bi(cos(φρ)−1)−Ai sin(φρ)
φ
, i = 1, · · · ,m;
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if |x0|
2 + |y0|
2 = 0 then {A1, · · · , Am, B1, · · · , Bm} is only subject to
m∑
i=1
(A2i +B
2
i ) = 1.
Remark 4.3. By the left-invariant property of the C-C metric we easily deduce that
γp0,p(s) is a C-C geodesic connecting p0 to p if and only if p
−1
0 γp0,p(s) is a C-C
geodesic connecting 0 to p−10 p, that is, γp0,p(s) = p0γp−10 p
(s) where γp−10 p
(s) is the
C-C geodesic connecting 0 to p−10 p.
To simplify some computation we fixm = 1. LetH1∗ = H
1\{(0, 0, t) : t ∈ R}. Set
S = {(θ, φ, ρ) : 0 ≤ θ < 2π, |φρ| ≤ 2π, ρ ≥ 0}, S∗ = {(θ, φ, ρ) : 0 ≤ θ < 2π, |φρ| <
2π, ρ ≥ 0} and A(θ, φ, ρ) : S → H1 by A(θ, φ, ρ) = (x(θ, φ, ρ), y(θ, φ, ρ), t(θ, φ, ρ)),
where 
x(θ, φ, ρ) = cos θ(cos(φρ)−1)+sin θ sin(φρ)
φ
y(θ, φ, ρ) = sin θ(cos(φρ)−1)−cos θ sin(φρ)
φ
t(θ, φ, ρ) = 2φρ−sin(φρ)
φ2
(4.16)
By Lemma 4.2, we know that the map A : S∗ → H
1
∗ is bijective and equation (4.16)
parameterizes ∂Bc(0, ρ) = {p ∈ H
1 : dc(0, p) = ρ}. We can compute the Jacobian
of A by
detJA(θ, φ, ρ) = det
(
∂(x, y, t)
∂(θ, φ, ρ)
)
= 4
φρ sin(φρ)− 2(1− cosφρ)
φ4
(4.17)
Let s¯ ∈ [0, 1] and p = (x, y, t) ∈ H1∗ , we consider the Jacobian of the map of changing
variables Bs¯0(p) : p = (x, y, t)→ p
′ = (x′, y′, t′) = γ0,p(s¯) where γ0,p(s)(0 ≤ s ≤ 1) is
the C-C geodesic joining 0 and p. Since p ∈ H1∗ , we can parameterize p by (θ, φ, ρ)
through equation (4.16) and (x′, y′, t′) = A(θ, φ, s¯ρ). Now we can compute the
Jacobian of Bs¯0 by
detJBs¯0(x, y, t) = det
(
∂(x′, y′, t′)
∂(x, y, t)
)
= det
(
∂(x′, y′, t′)
∂(θ, φ, s¯ρ)
)
det
(
∂(θ, φ, s¯ρ)
∂(θ, φ, ρ)
)
det
(
∂(θ, φ, ρ)
∂(x, y, t)
)
= detJA(θ, φ, s¯ρ) s¯ (detJA(θ, φ, ρ))
−1
= s¯
s¯φρ sin(s¯φρ)− 2(1− cos(s¯φρ))
φρ sin(φρ) − 2(1− cos(φρ))
(4.18)
where we have used (4.17). From (4.15) we have if t0 → 0, then τ = φρ→ 0. Thus
from (4.18) we obtain
lim
t→0
detJBs¯0(x, y, t) = lim
τ→0
s¯
s¯τ sin(s¯τ) − 2(1− cos(s¯τ))
τ sin τ − 2(1− cos τ)
= s¯5 (4.19)
In general case for any p0 = (x0, y0, t0) ∈ H
1, s¯ ∈ [0, 1], we define the map
Bs¯p0(p) = γp0,p(s¯) = p0γp−10 p
(s¯) where p ∈ ∗H
1
p0
= {g ∈ H1 : p−10 g ∈ H
1
∗}, γp0,p(s) is
the C-C geodesic connecting p0 to p and γp−10 p
(s) is the C-C geodesic connecting 0
to p−10 p (see Remark 4.3). Since the Jacobian of left translation is 1, from (4.18)
we can easily infer that the Jacobian of Bs¯p0 is
det JBs¯p0(p) = s¯
s¯φρ sin(s¯φρ)− 2(1− cos(s¯φρ))
φρ sin(φρ) − 2(1− cos(φρ))
(4.20)
22 KANGHAI TAN
where (θ, φ, ρ) parameterizes the point p−10 p through (4.16). Thus we deduce from
(4.20) and (4.15) that
lim
t−t0+2(x0y−y0x)→0
detJBs¯p0(p) = s¯
5 (4.21)
where p = (x, y, t) ∈ ∗H
1
p0
.
It is well known that in a m dimensional smooth Riemannian manifold M with
Riemannian metric g the Jacobian of the map of changing variables along Rie-
mannian geodesics can be well estimated. More precisely, if ǫ > 0 is sufficiently
small such that the geodesic ball Bdg (p0, ǫ) is in a normal coordinate neighborhood
of p0, then detJB
s¯
p0
(p) ≥ C s¯
m
1+o(ǫ) for any p ∈ Bg(p0, ǫ) and s¯ ∈ [0, 1] where the
map Bs¯p0(p) is defined similarly as above and C > 0 is a constant dependent on the
Riemannian metric (Ricci curvature). In the case of Heisenberg group, since the
Hausdorff dimension of Hm is Q = 2m+ 2, one would like to guess that
detJBs¯p0(p) ≥ Cs¯
Q in a neighborhood of p0 (4.22)
for some constant C. We remark that if (4.22) was true, then several problems in
analysis on Heisenberg groups could be solved by standard methods, for example to
prove an inequality conjectured by [2] and to prove the semicontinuity of the energy
of Korevaar-Schoen when the domain space is a Heisenberg group by repeating the
story of [39] or [59]. Unfortunately as we have shown above, (4.22) is impossible to
hold.
5. Horizontal energy and existence of minimizers
As we have indicated in the Introduction, the concept of the Horizontal energy is
a natural generalization of the ordinary energy for mappings between Riemannian
manifolds.
Definition 5.1. Let (Rn,∆, dc) and M = (R
en, ∆˜, d˜c) be two C-C space spaces. Let
1 ≤ α < ∞ and Ω be a bounded open set of Rn. Let u ∈ R1,α(Ω,M), we call the
following quantity
HEα(u,Ω) =
∫
Ω
(
k∑
i=1
‖Xiu(p)‖
2
<˜·,·>c
)α
2
dp (5.1)
the α-horizontal energy of u.
Note that if M is of Carnot type, from Remark 3.16 we have
HEα(u,Ω) =
∫
Ω
 k∑
j=1
ek∑
i=l
|Xju
i(p)|2

α
2
dp.
Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a C2 bounded open set whose
boundary is noncharacteristic with respect to ∆. Let M = (Ren, ∆˜, d˜c) be another
C-C space and let α ≥ 1. Fix φ ∈ R1,α(Ω,M) and set
R1,αφ (Ω,M) := {u ∈ R
1,α(Ω,M) : T (u) = T (φ)},
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where T (u) denotes the trace map of u, see Subsection 3.3. We consider the fol-
lowing Dirichlet problem of minimizing α-horizontal energy among all mappings in
R1,α(Ω,M) whose traces are equivalent to the trace of φ:
find a u ∈ R1,αφ (Ω,M) such that HE
α(u,Ω) = inf
v∈R
1,α
φ
(Ω,M)
HEα(v,Ω). (5.2)
Definition 5.2. Any solution to Problem (5.2) is called a horizontal energy mini-
mizer.
Theorem 5.3. Let (Rn,∆, dc) be a C-C space and Ω ⊂ R
n be a C2 bounded open
set whose boundary is noncharacteristic with respect to ∆. Let M = (Ren, ∆˜, d) is
a C-C space of Carnot type with a (quasi-)metric d which is equivalent to d˜c and
let α > 1. Then Problem (5.2) has a solution.
Proof. Let {uµ}
∞
µ=1 be a minimizing sequence, that is,
lim
µ→∞
HEα(uµ,Ω) = inf
v∈R
1,α
φ
(Ω,M)
HEα(v,Ω) := C0 ≤ HE
α(φ,Ω) <∞. (5.3)
From Theorem 3.13 and Remark 3.14 we easily get a sequence of dominant functions
{gµ}
∞
µ=1 of {uµ}
∞
µ=1 such that ‖gµ‖Lα(Ω) ≤ C HE
α(uµ,Ω) for any µ where C is a
constant. From (5.3) the sequence {gµ} is uniformly bounded in L
α(Ω). On the
other hand, since T (uµ) = T (φ), by Theorem 3.22 we get d(uµ, φ) ∈ W
1,α
X (Ω) has
trace zero for any µ. Applying the Poincare´ inequality, (quasi-)triangle inequality
property of d and (3.17) we get∫
Ω
dα(uµ(p),m0)dp ≤ C
(∫
Ω
dα(uµ(p), φ(p))dp +
∫
Ω
dα(m0, φ)dp
)
≤ C1
∫
Ω
|Xd(uµ, φ)|
α(p)dp+ C
∫
Ω
dα(m0, φ)dp
≤ C3(‖gµ‖
α
Lα(Ω) + ‖gφ‖
α
Lα(Ω)) + C
∫
Ω
dα(m0, φ)dp
for any µ where m0 is a fixed point in M and gφ is a dominant function of φ. The
last inequalities show that
∫
Ω d
α(uµ(p),m0)dp is uniformly bounded. So we have
sup
µ
{
∫
Ω
dα(uµ(p),m0)dp+ ‖gµ‖
α
Lα(Ω)} ≤ C
for a constant C > 0 depending on φ. Now we can use Theorem 3.18 to get a
subsequence {uµ′} of {uµ} and u ∈ R
1,α(Ω,M) such that
lim
µ′→∞
∫
Ω
dα(uµ′(p), u(p))dp = 0 (5.4)
and
Xlu
i
µ converges weakly in L
α(Ω) to Xlu
i for i = 1, · · · , k˜ and l = 1, · · · , k. (5.5)
From (5.4) and Theorem 3.22 we have T (u) = T (φ). Thus u ∈ R1φ(Ω,M). From
the lower semicontinuity of HEα(u,Ω) with respect to weak convergence and (5.5),
we conclude that u is a minimizer. 
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6. Some remarks on the regularity of minimizers: Heisenberg group
target
In this section we briefly mention the known results to the regularity problem.
The regularity problem is still quite open and new methods and tools should be
developed to tackle it.
For the case when the domain space is a C-C space and the target is Euclidean,
the Ho¨lder regularities were obtain in [24] and in [37] using different methods.
If the target M = (Ren, ∆˜, d˜c) is a C-C space (∆˜ is non-integrable), then since
R1,α(Ω,M) is not a linear space (because of the contact condition), it is not trivial to
construct contact variations of the minimizer to deduce Euler-Lagrangian equations.
The simple example is the case studied by Capogna and Lin in [5] where Ω ⊂ Rn is
an Euclidean smooth bounded domain and M is the Heisenberg group Hm with a
homogeneous metric ρ. We denote by u = (z, t) = (x, y, t) elements in R1,α(Ω, Hm)
(α ≥ 1). Then from Definition 3.11, Theorem 3.13 and (2) of Remark 3.16 we have
u ∈ R1,α(Ω, Hm) if and only if
(1) z ∈W 1,α(Ω, R2m);
(2) t ∈ L
α
2 ∩ ACL(Ω, R);
(3) u satisfies the Legendrian condition, that is, ∂pit = 2(y ·∂pix−x ·∂piy) a.e.
p ∈ Ω for i = 1, · · · , n.
Here and in the sequel we denote by xi or ∂pix the partial derivative
∂x
∂pi
and ·
denotes the inner product in Rn. Note that if u satisfies (1), (2) and (3), then from
Sobolev inequality and Ho¨lder inequality, ∂pit ∈ L
β(Ω) (β = nα2n−α ) automatically
holds for i = 1, · · · , n. Moreover if α ≥ 2, then t ∈W 1,β(Ω). The horizontal energy
is
HEα(u,Ω) =
∫
Ω
|∇z(p)|αdp.
Lemma 6.1. Let α ≥ 2 and u = (zu, tu), v = (zv, tv) ∈ R
1,α(Ω, Hm). Then
T (u) = T (v) if and only if T (zu) = T (zv) and T (tu) = T (tv) where T (u) denotes
the trace of u on ∂Ω.
Proof. The proof is straightforward. Since any homogeneous metrics are equivalent,
C1
(
|zu − zv|
α + |tu − tv − 2ω(zu, zv)|
α
2
)
(6.1)
≤ C2‖u
−1v‖α ≤ ρα(u, v) ≤ C3‖u
−1v‖α (6.2)
≤ C4
(
|zu − zv|
α + |tu − tv − 2ω(zu, zv)|
α
2
)
(6.3)
where ‖·‖ is the gauge norm: ‖(z, t)‖ = (|z|4+t2)
1
4 ; ω(·, ·) is the standard symplectic
form in R2n, and Ci, i = 1, 2, 3, 4 are constants. From Theorem 3.22, T (u) = T (v)
if and only if ρ(u, v) ∈ W 1,α0 (Ω). Since α ≥ 2, the term in (6.1) belongs toW
1,1(Ω).
Thus the statement follows from (6.1)-(6.3) and the fact that ω(zu, zv)|∂Ω = 0 a.e
if T (zu) = T (zv). 
The following lemma tells us that the projection of a weakly contact map u :
Ω→ Hm = R2m ×R to R2m is a weakly isotropic map and conversely any weakly
isotropic map z : Ω→ R2m can be lifted to be a weakly contact map.
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Lemma 6.2. Let α ≥ 2 and Ω ⋐ U ⋐ Rn. If u = (z, t) = (x, y, t) ∈ R1,α(Ω, Hm),
then z = (x, y) ∈ W 1,α(Ω, R2m) and satisfies the following weakly isotropic condi-
tion:
z∗(ω) = 0 a.e in Ω,
that is,
xi · yj = xj · yi a.e. p ∈ Ω for i, j = 1, · · · , n. (6.4)
Conversely if φ = (zφ, tφ) ∈ R
1,α(U,Hm) and
z ∈W 1,αzφ (Ω, R
2m) =: {z˜ ∈ W 1,α(Ω, R2m) : T (z˜) = T (zφ)}
and satisfies (6.4), then there exists t ∈ W 1,β(Ω) such that u = (z, t) ∈ R1,α(Ω, Hm)
and t = tφ at ∂Ω.
Proof. The first statement follows (essentially) from the inequality (2.12) in [8], see
Lemma 2.12 and Theorem 2.16 in [5] for details.
We prove the second statement. Let z = (x, y) ∈ W 1,αzφ (Ω, R
2m) and satisfies
(6.4). Let η be the primitive form of the standard symplectic form ω in R2n, that
is, dη = ω. We first prove that the 1-form
ζ(p) = z∗(η) =
1
2
n∑
i=1
(x · yi − y · xi)dpi
belongs to Lβ(Ω) and satisfies
dζ = 0 (6.5)
in the sense of distribution. It suffices to prove∫
Ω
(x · yi − y · xi)ϕj − (x · yj − y · xj)ϕidp = 0 (6.6)
for any ϕ ∈ C∞0 and i 6= j. We mollify z and let z
ǫ = (xǫ, yǫ) = z ∗ δǫ where δǫ is a
standard mollifier. We have
I =
∫
Ω
(xǫ · yǫi − y
ǫ · xǫi)ϕj − (x
ǫ · yǫj − y
ǫ · xǫj)ϕidp
= −
∫
Ω
(xǫ · yǫi − y
ǫ · xǫi)jϕ− (x
ǫ · yǫj − y
ǫ · xǫj)iϕdp
= II + III
where
II =
∫
Ω
(xǫi · y
ǫ
j − y
ǫ
i · x
ǫ
j)ϕ − (x
ǫ
j · y
ǫ
i − y
ǫ
j · x
ǫ
i)ϕdp
and
III =
∫
Ω
xǫ ·
(
(yǫj)i − (y
ǫ
i )j
)
ϕ+ yǫ ·
(
(xi)
ǫ
j − (xj)
ǫ
i
)
ϕdp
= 0.
Since z satisfies (6.4), we have limǫ→0 II = 0. Consequently (6.6) follows and (6.5)
holds. Thus we can apply a well known result about boundary value problem
involving differential forms, see e.g. Chapter 3 of [55], to get a t ∈ W 1,β(Ω) of the
following equation {
dt = 4ζ, in Ω;
t = tφ, in ∂Ω.
(6.7)
Note that (6.7) means ∂pit = 2(y∂pix− x∂piy) a.e. p ∈ Ω for i = 1, · · · , n. 
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Let
W 1,αI (Ω, R
2m) =: {z ∈W 1,α(Ω, R2m) : z satisfies (6.4)}
be the Sobolev space of weakly isotropic mappings. If ϕ ∈W 1,αI (Ω, R
2m), we denote
by
W 1,αI,ϕ (Ω, R
2m) =:W 1,αI (Ω, R
2m) ∩W 1,αϕ (Ω, R
2m)
the Sobolev space of weakly isotropic mappings with the trace of ϕ.
From Lemma 6.1 and 6.2, we get the following theorem.
Theorem 6.3. Let α ≥ 2 and Ω ⋐ U ⋐ Rn be two bounded open sets. Let
φ = (zφ, tφ) ∈ R
1,α(U,Hm). Then u = (z, t) ∈ R1,αφ (Ω, H
m) is a solution of
Problem (5.2), that is,
HEα(u,Ω) = inf
v∈R
1,α
φ
(Ω,M)
HEα(v,Ω),
if and only if z is a solution of the following isotropically constrained variational
problem:
to find z0 ∈ W
1,α
I,zφ
(Ω, R2m) such that E(z0,Ω) = inf
z∈W
1,α
I,zφ
(Ω,R2m)
E(z,Ω) (6.8)
where E(z,Ω) =
∫
Ω
|∇z(p)|αdp.
Remark 6.4. (1) The existence of solutions to Problem (6.8) can be easily estab-
lished.
(2) When n = α = 2, due to the conformal invariance of the Dirichlet integral,
Problem (6.8) is closely related to the following isotropically constrained Plateau
problem studied by [54] and [51]:
to find l0 ∈ XI,Γ such that Area(l0, B1) = inf
l∈XI,Γ
Area(l, B1) (6.9)
where Γ is a piecewise C1 closed Jordan curve such that
∫
Γ
η = 0; B1 is the ball
centered at 0 with radius 1; XI,Γ = {l ∈ W
1,2
I (B1, R
2m) : l∂B1 is continuous and is
a monotone map onto Γ}; Area(l, B1) is the area of the image of l.
Proposition 6.5. Let Ω ⊂ R2 be a bounded open set and let α ≥ 2. Let φ ∈
R1,α(Ω, H1). If u ∈ R1,α(Ω, H1) such that
HEα(u,Ω) = inf
v∈R
1,α
φ
(Ω,H1)
HEα(v,Ω),
then u is Lipschitz continuous (with respect to the C-C metric) in the interior of
Ω.
Proposition 6.5 was proven in Theorem 4.3 of [5] where the authors asserted that
Proposition 6.5 should hold for m ≥ 1. In our opinion, since the equation (4.2) in
[5] holds only for m = 1, the case when m > 1 remains open.
Keeping Theorem 6.3 in mind we see the following theorem is just a copy of the
main result in [51].
Theorem 6.6. Let U be a neighborhood of a smooth, connected and simply con-
nected, bounded open set Ω such that Ω ⋐ U ⋐ R2 and let m > 1. Let φ =
(zφ, tφ) ∈ R
1,2(U,Hm) such that φ|∂Ω is continuous and monotone onto φ(∂Ω)
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which is a piecewise C1 closed Jordan curve in R2m. Let u = (z, t) ∈ R1,2φ (Ω, H
m)
be a solution of Problem (5.2), that is
HE2(u,Ω) = inf
v∈R
1,2
φ
(Ω,M)
HE2(v,Ω).
Then z is Ho¨lder continuous in Ω and u is smooth in Ω with possibly isolated
singularities.
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